Abstract: Let H and S be the mean curvature and the squared length of the second fundamental form of submanifold M respectively. We prove that if M is an n(≥ 3)-dimensional complete submanifold with parallel mean curvature in H n+p (−1), and if M (S − nH 2 ) n/2 dM < C(n, H), where H > 1 and C(n, H) is an explicit positive constant depending on n and H, then S ≡ nH 2 , i.e., M is the totally umbilical sphere S n (1/ √ H 2 − 1). Consequently, we show that if M is an n(≥ 3)-dimensional complete submanifold with parallel mean curvature in S n+p , and if M (S − nH 2 ) n/2 dM < C (n), where C (n) is an explicit positive constant depending only on n, then M is the totally umbilical sphere S n (1/ √ 1 + H 2 ).
Introduction
An important problem in global differential geometry is the study of relations between geometrical invariants and structures of Riemannian manifolds or submanifolds. After the pioneering rigidity theorem for minimal submanifolds in a sphere due to Simons [23] , Lawson [9] and Chern-do Carmo-Kobayashi [5] obtained a famous rigidity theorem for oriented compact minimal submanifolds in S n+p with S ≤ n/(2 − 1/p). It was partially extended to compact submanifolds with parallel mean curvature in a sphere by Okumura [18, 19] , Yau [35] and others. In 1990, the first named author [29] proved the generalized SimonsLawson-Chern-do Carmo-Kobayashi theorem for compact submanifolds with parallel mean curvature in a sphere. In the case where M is a compact submanifold with parallel mean curvture in spaces forms, Shiohama and Xu [24] obtained the following theorem.
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Theorem C. Let M be an n-dimensional compact submanifold with parallel mean curvature in an (n + p)-dimensional simply connected space form F n+p (c) with c ≥ 0. Then there exists an explicit positive constant C 4 (n) depending only on n such that if M is not totally umbilical, then
Here β i is the i-th Betti number of M with respect to an arbitrary fixed coefficient J.
A general gap theorem for complete submanifolds with parallel mean curvature in R n+p was proved by Xu and Gu [33] , as stated: 
In the present paper, we mainly study the L n/2 -pinching problem for ndimensional complete submanifolds with parallel mean curvature in the standard hyperbolic space H n+p (−1) with constant curvature −1, and obtain the following gap theorem. 
Notation and Lemmas
Let M n be an n-dimensional Riemannian submanifold immersed in the (n+p)-dimensional standard hyperbolic space H n+p (−1). We shall make use of the following convention on the rang of indices:
Choose a local orthonormal frame field {e A } in H n+p (−1) such that, restricted to M , the e i 's are tangent to M. Let {ω A } and {ω AB } be the dual frame field and the connection 1-forms of H n+p (−1) respectively. Restricting these forms to M, we have
where R ijkl , R αβkl , A and ξ are the curvature tensor, the normal curvature tensor, the second fundamental form and the mean curvature vector of M respectively. The trace free second fundamental form of M is denoted bẙ
Definition 1. M is called a submanifold with parallel mean curvature if ξ is parallel in the normal bundle of M. In particular, M is called a minimal submanifold if ξ = 0.
When ξ = 0, we choose e n+1 such that e n+1 //ξ, trH n+1 = nH and trH
The following lemmas will be used in the proof of our main results.
Lemma 1. If M n is a submanifold with parallel mean curvature in a space form of constant curvature, then either H = 0, or H is constant and
H n+1 H α = H α H n+1 , for all α.
Lemma 2 ([29]). Let M n be a submanifold with parallel mean curvature in
By using the same argument as in [31] , we have the following Lemma 3. Let M n be a submanifold with parallel mean curvature in
From [8] and [31] , we have
) be a compact submanifold with or without boundary with parallel mean curvature in H n+p (−1). Then for all t ∈ R + , and f
where
and σ n =volume of the unit ball in R n .
Proof of Main Theorem
We first define our pinching constants as follows.
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To prove Theorem 1, we give the following key lemma. 
, we have ∆f 2 ε = ∆f 2 . By Lemmas 2 and 3, we obtain
We choose a cut-off function φ R ∈ C ∞ (M ) such that
on the both sides of inequality (13) and integrating by parts, we get
for all ρ, σ ∈ R + . Taking k = , we get
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By Lemma 4, we have
for all t ∈ R + . From (15) and (16), we obtain
for all l ∈ R + . As ε → 0, (17) becomes
From (18) and (19), we obtain
for all t, l ∈ R + . We take
.
This together with (20) yields
By a computation, we have max
So,
From the assumption S − nH 2 n/2 < α(n, H),
Now we are in a position to give the proof of Theorem 1.
Proof of Theorem 1. If p = 1, the assertion follows from Lemma 5.
L n/2
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If p ≥ 2, we see from the assumption that S − nH 2 n/2 < α(n, H). It follows from Lemma 5 that S H = nH 2 , i.e., H n+1 = HI, where I is the unit matrix. By Lemmas 1, 2 and 3, we have
ε (k ≥ 1) on the both sides of the inequality above and integrating by parts, where φ R is the cut-off function defined in Lemma 5, we obtain
, we get
for all t ∈ R + . From (23) and (24), we obtain
As ε → 0, we have
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It is easy to see from the assumption that
This together with (29) gives g ≡ 0. So,
Therefore, M is the totally umbilical sphere
. This completes the proof of Theorem 1.
Remark 1.
We see from the proof above that the pinching constant in Theorem 1 can be replaced by the constantĈ n 2 (n, p, H) defined in (12), which is not less than C(n, H).
Proof of Corollary. We consider the composition of isometric immersions (33) and (34), we have that g = 0, and (35) Area(M ) < 4π
When M is a minimal surface in S 1+p (1/ √ H 2 − 1), it follows from (35) and a theorem due to Calabi [2] that M is a great sphere in S 1+p (1/ √ H 2 − 1).
When M is a surface with constant mean curvature H 0 in F 3 (H 2 − H 2 0 − 1), it is a topological sphere with constant mean curvature H 0 in F 3 (H 2 − H 2 0 − 1). By a theorem due to Chern [6] , M is a totally umbilical surface in F 3 (H 2 − H 2 0 − 1). Therefore, we conclude that M is the totally umbilical sphere S 2 (1/ √ H 2 − 1)
in H 2+p (−1).
(ii) The assertion (ii) follows from (i). This completes the proof of Theorem 3.
Remark 2. Motivated by our L n/2 pinching theorem, and Liu, Xu, Ye and Zhao's convergence theorems [13, 14, 15, 16] on mean curvature flow, one can investigate the convergence for the mean curvature flow with pinched integral curvature in hyperbolic spaces.
Remark 3.
There are close relations between rigidity results for self-shrinkers of the mean curvature flow [3, 7] and ones for submanifolds with parallel mean curvature (including minimal submanifolds). Our method can be used in the study of rigidity of self-shrinkers of the mean curvature flow of arbitrary codimension.
